SPLICING AND THE SL2(C) CASSON INVARIANT 
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Abstract. We establish a formula for the 5L2(C) Casson invariant of spliced 
sums of homology spheres along knots. Along the way, we show that the 
SL2(C) Casson invariant vanishes for spliced sums along knots in S^. 



1. Introduction 

In jl3| . Kronhcimcr and Mrowka prove that all nontrivial knots in have 
Property P. Their proof is based on strong existence results for irreducible SU (2) 
representations of S-manifolds obtained by Dehn surgery. It remains an interesting 
and important problem to determine whether a given 3-manifold admits irreducible 
SU{2) representations. For example, for homology spheres S, nontriviality of the 
Casson invariant or Floer homology implies the existence of an irreducible SU (2) 
representation. Since every irreducible SU(2) representation is also irreducible as 
an SL2{C) representation, one expects stronger results for SL2{C). For example, 
Boyer and Zhang fS], and independently Dunfield and Garoufalidis [W , show that 
any nontrivial knot K in S'^ has nontrivial A-polynomial by using [14 to establish 
the existence of an arc of irreducible SL2{'C) characters on 7ri(S''^ \ K). 

Given a closed 3-manifold E, the SL2{C) Casson invariant XsL2iC)i'^) is defined 
(roughly) as the sum of isolated points of irreducible characters in the SL2{C) 
character variety X{T.). Thus, nontriviality of Xsl2{c){'^) guarantees the existence 
of an irreducible representation p: ttiS — > 5^2 (C), and this gives motivation for 
studying the SL2{'C) Casson invariant. 

In this paper, we use the spliced sum construction to present a family of homology 
spheres with Xg]^^(^Q(Ti) = 0. Since every isolated irreducible character contributes 
positively to the SL2{C-) invariant, homology spheres S with Xsl2(C) (^) = appear 
to be comparatively rare. We prove that, for any homology sphere T, obtained 
by spliced sum along two knots in S^, every irreducible representation p: ttiE — > 
SL2{C) lies on a component Xi of the SL2{C) character variety X{Y.) with dimXi > 
0, and this imphes Ag2,2(C)(^) — 0- 

More generally, we investigate the behavior of the invariant Ag^^j^c) under spliced 
sum along knots in arbitrary homology spheres. Using Casson's surgery formula, 
Fukuhara and Maruyama, and independently Boyer and Nicas, proved that the 
SU{2) Casson invariant is additive under spliced sum [10j[2]. Unfortunately the 
same is not always true for the (C) Casson invariant. Counterexamples are 
provided by Seifert fibered homology spheres. Recall that q, r, s) is the spliced 
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sum of g, rs) and S(p<?, r, s) along the rs-singular fiber in the first and the 
pq-singular fiber in the second. However, 

AsL2(C)(S(p,g,r, s)) ^ XsL2{C)i^{P,Q,rs)) + XsL2{C)i.^{P'l,r,s)). 

For example, Theorem 2.7 of [1] shows that A5i2(c)(S(2, 3, 5, 7)) = 20, whereas 
AsL,(c) (S(2, 3, 35)) + XsLAC) (S(6, 5, 7)) = 17 + 30 - 47. 

In Theorem 13. 4| our main result, we develop sufficient conditions, phrased in 
terms of the knots, under which the Casson SL2{C) invariant is additive under 
spliced sum. 

For the remainder of the paper we will use the following notation: Given a finitely 
generated group tt, denote by R{n) the space of representations p: tt ^ SL2{C) and 
by i?*(7r) the subspace of irreducible representations. The character of a represen- 
tation p will be denoted by Xp- The variety of characters of SL2{C) representations 
is denoted X{Tr). Recall that there is a canonical projection R{tt) X{tt) defined 
hy p ^ Xp which is surjective. Let X*(7r) be the subspace of characters of irre- 
ducible characters. Given a manifold E, we denote by i?(E) the space of SL2{C) 
representations of ttiS and by X(E) the associated character variety. 

For the definition of Xsl2{C}j see iZj. 

In section 2 we study homology spheres resulting from 1 /q Dehn surgery on small 
knots in and show that the 5*^2 (C) Casson invariants of such homology spheres 
are almost always nontrivial. In section 3, we introduce splicing and describe the 
behavior of the SL2 (C) Casson invariant under spliced sum. 

We thank the referee for suggestions improving Theorem 2.1. 

2. NONVANISHING THEOREMS 

In this section, we show that the 5^2 (C) Casson invariant is nonzero for many 
homology spheres. Given a knot K in and slope p/q G QU{l/0}, we denote by 
Sp/giK) the 3-manifold obtained by performing p/q Dehn surgery along K. Recall 
that Sy^{K) is always a homology sphere. 

Theorem 2.1. Let K he a small nontrivial knot in , and let q be an integer with 
\q\>l. Then XsL2iC)iS!/,iK)) > 0. 

Proof. By there is an irreducible SU{2) representation of ■ki{S1i^{K)), so the 
variety of characters of irreducible SL2{C) representations is nonempty. We must 
show that it contains a component of dimension 0. In fact we show every component 
has dimension 0. 

Suppose q is an integer such that the character variety X{S'^^^{K)) contains a 
component Y of dimension at least 1. We may view F as a subset of the character 
variety X{N) of the complement of in since X{Sf^^{K)) C X{N). Since K 
is small, Y is one-dimensional, and there is a well-defined CuUer-Shalen seminorm 
II • \\y on Y given by 

||a||y = deg(4%) - 2) 

where Y is a smooth projective curve birationally equivalent to Y, is the function 
on Y induced by the regular function K — > C taking a character ^ to ^(7), and 
e : Hi {dN; Z) tti {dN) is the inverse of the Hurcwicz isomorphism. But I^(i/q^ ~ 2 
vanishes on Y since Y lies in XiS^i^iKy), so F is a r-curve as defined in [3j with 
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r — 1/q. Then by Corollary 6.7 of [3], we see that 1/q is an integer, contradicting 
the assumption that \q\ > 1. 

It follows that every component of X{S'^i^{K)) has dimension 0, whence the 
theorem. □ 

In particular, we have the following: 

Theorem 2.2. If K is a 2-bridge knot or a torus knot, then Xg]^2(^Q{Sf^^{K)) > 
for all nonzero integers q. 

Proof, li \ q\ > 1, the claim follows from the previous theorem. By [13] we know that 
X{Sj.i{K)) contains an irreducible character. We show that every component of 
X{Sj_i{K)) is 0-dimensional, so X{S'^i{K)) contains an isolated irreducible char- 
acter. 

Now as above we know that if 1" is a component of dimension greater than 1 in 
X{Sj.i{K)), then Y has dimension 1, and the CuUer-Shalen seminorm associated 
to Y is indefinite with || ± 1|| = 0. 

It follows by Proposition 5.4 of [5] that there is a positive integer k and an integral 
boundary slope a for K such that the CuUer-Shalcn seminorm for the curve Y is 
given by 

4||p^ + g^lly = k\p - qa\ 

for any slope p/q. If ||1|| = 0, we see that a — 1, and if || — 1|| = 0, then a — —1. 
But the boundary slopes of 2-bridge knots are all even integers, and the boundary 
slopes of the (r, s)-torus knot are and rs. Thus in neither case is either 1 or -1 a 
boundary slope, so no such curve Y exists. 

Thus, X{S'j.i{K)) contains an irreducible character and contains only 0-dimensional 
components. Hence XsL2(C}{Sf/q{K)) > 0. □ 



3. Splicing 

The goal of this section is to investigate the behavior of the SL2{C) Casson 
invariant under the operation of spliced sum. Suppose Ki and K2 are knots in 
closed 3-manifolds Ei and S2, respectively, and let Mi = T,i \ Ki and M2 = 
S2 \ K2 denote their complements. Both Mi and M2 are manifolds with boundary 
dMi = dM2 — T a. torus, and we denote by and Ji'i the meridian and longitude 
of Ki for i — 1,2. The spliced sum of Ki and K2 is the 3- manifold E = Mi Ut M2, 
with dMi glued to dM2 by a diffeomorphism identifying ^1 to ^2 and .ifi to ^2- 
If El and E2 are both homology spheres, then an elementary exercise shows that 
E is also a homology sphere. 




Figure 1. The spliced sum E along two knots Ki and K2- 
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Given a representation p: ttiS SL2{C), then by restriction we obtain rep- 
resentations pi — p\Tri(Mi) and p2 = p\tti{M2)- The next theorem shows that any 
irreducible character Xp for which both of the induced characters Xpi ^-nd Xp2 a-re 
irreducible must lie on a curve of characters. Therefore such representations do not 
contribute to XsL2{C)i^)- 

Theorem 3.1. Suppose S is the spliced sum of two 3-manifolds Si and E2 o.i^'d 
Xp G ^(^) is the character of an irreducible representation p: ttiE — > (C) 
for which the induced characters Xpi ^.^d Xp2 '""c irreducible. Then Xp liss on a 
component Xi of X^E) with dimX^ > 0. 

Proof. By the Seifert-Van Kampen Theorem, any two irreducible representations 
/9i : 7ri(Afi) —> SL2{C) and p2: 7ri(Af2) — > SL2{C) determine an irreducible repre- 
sentation p: TTiE —>■ SL2{C) provided the splicing relations holds, i.e. provided that 
pi(^i) = P2{^2) and p2{^2) = Pi(-2i)- We use this fact to construct a curve of 
characters in the character variety containing xp- 

Since pi and p2 are irreducible, they both have stabilizer subgroup under the 

conjugation action the group of central matrices {^q ^l) } ' other 

hand, the restriction p\t!-^t of p to the splice torus is abelian. Hence its stabilizer 

subgroup r = Stab(p|7riT) is either the subgroup 







a G C* > of diago- 



nal matrices or the subgroup 



a G C > of upper triangular univalent 



±1 a 
±1^ 

matrices. In cither case, dimF = 1. For any element 7 G F, the pair (pi,7P27~^) is 
a pair of irreducible representations of 7ri(Mi) and 7ri(M2) that satisfy the splicing 
relations. The association 7 G F ^ gives a one-parameter family p-^ of SL2{C) 
representations of ttiS, and it is not hard to check that pj is conjugate to p if and 
only if 7 = ±/. Since distinct conjugacy classes of irreducible representations deter- 
mine distinct characters, this shows that Xp ii^s on a component Xi of irreducible 
characters with dimX; > 0. □ 

The next several results rely on Proposition 6.1 of [6] regarding the complement 
Ml of a knot Ki in a homology sphere Si . This result asserts that the fundamental 
group of Ml has a nonabelian reducible representation into SL2 (C) with eigenvalue 
p, if and only if p^ is a root of the Alexander polynomial. Note that in this case 
the representation has the same character as an abelian representation, so such 
characters are the points of intersection of the curve of reducible characters with 
X*(Ei), as is noted in Proposition 6.2 of the same paper. For any knot K in a 
homology sphere, let Ap^ {t) denote the Alexander polynomial. 

Proposition 3.2. Given knots Ki C Si and K2 C S2 in homology spheres, denote 
their complements Mi = Si \ Ki and M2 = S2 \ K2. If p- vriS — > 5'I/2(C) is an 
irreducible representation of the spliced sum S = Mi Ut^ M2, then at least one of 
Pi = pkiMi or p2 = p\ttiM2 is irreducible. 

Proof. We will prove that if pi and p2 are both reducible, then p is trivial. Since 
.5fi lies in the second derived subgroup of 7ri(Mi), reducibility of pi gives that 
pi(^i) — I. Similarly, if p2 is reducible, then p2(-^2) = I- Combined with the 
sphcing relations, these facts imply that pi(^i) = I = ^2(^2)- Now Aif^(l) = 
±1 7^ 0, so Proposition 6.1 of [6] shows that pi is abelian. Since pi is abelian, 
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it factors through Hi{Mi), and hence pi(^i) = /. This imphes pi is triviaL A 
similar argument shows that p2 is trivial; hence p is trivial. □ 

A direct consequence is that, for spliced sums along two knots Ki and K2 in S^, 
the 5*272 (C) Casson invariant vanishes. 

Corollary 3.3. // S is a spliced sum along two knots Ki and K2 in , then 

•^SL2(C)(S) = 0. 

Proof. Suppose p is an irreducible representation of 7ri(E) in 5L2(C) with restric- 
tions pi and p2 as before. If pi and p2 are both irreducible, then Theorem 13 . 1 1 shows 
that xp is not isolated and hence does not contribute to Xsl2{C){'^)- Otherwise, by 
Proposition [221 exactly one of pi and p2 is irreducible. 

Suppose that pi is irreducible and p2 is reducible. The reducibility of p2 implies 
P2{-^2) = I, so pi(^i) = / by the splicing relation. However, since Ki is a knot in 
S^, we know that the meridian ^1 normally generates 7ri(Mi). Thus pi(^i) = / 
implies that pi is trivial, contradicting the irreducibility of pi. A similar argument 
with the roles of pi and p2 reversed reveals that X*(S) does not contain any 
components of dimension zero. Therefore A5i,(c)(E) =0. □ 

The next theorem is our main result, asserting additivity of the 6*^2 (C) Casson 
invariant for spliced sums under certain restrictions. The restrictions we impose 
are necessary to rule out the types of counterexamples that were presented in the 
introduction. Specifically, the conditions given below use Proposition 6.1 of [6] to 
rule out unwanted interplay between the reducible and irreducible characters of Mi 
and M2. 

Before stating the theorem, we find it convenient to define 
X'{J:) = {xp e I Xp is isolated} 

to be the subset of isolated irreducible characters of 7ri(S). 

Theorem 3.4. Assume Ki C Si and K2 C S2 are knots in homology spheres, and 
consider the following conditions: 

(i) For Xp G X*{'^i), if p is an eigenvalue of p{J^i), then A/f2(/i^) ^ 0. 

(ii) For Xp G X*{Y,2), if P is an eigenvalue of p{J^2), then Ax^ip^) ^ 0. 

If condition (i) is satisfied for all x S X*{Y,i) and condition (ii) is satisfied for all 
X S X*[Ti2), then for the spliced sum, we have 

AsL2(C)(S) = A5L2(C)(Si) + A5L2(C)(S2). 

Proof. If (O: vTiS ^ 5*^2 (C) is an irreducible representation, then Proposition 13.21 
implies that one of pi or p2 is irreducible. If in addition Xp £ ^*(^) is isolated, 
then Theorem 13.11 shows that exactly one of pi and p2 is irreducible. Hence we can 
partition X*{T.) = X^ U X^, where 

XI — {xp I pi is irreducible and p2 is reducible}, 

X' is defined similarly, and X* and X' are disjoint. 

For Xp G reducibility of p2 and the splicing relations imply that pi[.y^i) = 
P2{-^2) — I- Hence pi extends to an irreducible representation p'l: 7ri(Si) — > 
SL2{C). Thus, we have a natural map $1 : X* given by xp ^ Xp[- 

We define a map $2 : X' — » X*{'E,2) analogously. 

Conversely, given an irreducible representation p[: 7ri(Si) — > SL2{C) with Xp; 
isolated, we define a reducible representation p2 : t^i{M2) —> SL2{C) by setting 
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^2(^2) — pi(^i). (Here, pi ~ pi|7ri(A/i)-) Note that hypothesis (i) imphes that 
P2 is abehan by Proposition 6.1 of [6J, so this assignment of ^2(^2) completely 
determines p2- Direct inspection shows that pi and p2 satisfy the splicing relations; 
thus they give rise to an irreducible representation p: —> 5^2 (C). Further, since 
Xp' £ is isolated and p2 is completely determined by pi(^i), it is not 

difficult to see that Xp S ^ ^'(^) is also isolated. 

This defines a map '^i: X'{I]i) X', which is an inverse to $1 and gives a 
one-to-one correspondence between X'(Ei) and X'. 

The same construction with the roles of pi and p2 reversed defines a map 
^2 - -^'(^2) — * X* which is an inverse to $2 and gives a one-to-one correspon- 
dence between X*(S2) and X'- 

It remains to show that xi G X* C X*(S) and $i(xi) £ X'^Si) both contribute 
equally to their respective SL2(C) Casson invariants, and similarly for X2 £ X' C 
X*(S) and $2(X2) e X'{^2). 

Choose a triangulation of Si such that the 1-skeleton contains Ki. Build a Hee- 
gaard decompostion {Ui, U2) of Si by letting Ui be a tubular neighborhood of this 
1-skeleton. (See Theorem 2.5 of [11^.) Call the Heegaard surface for this Heegaard 
decomposition Fi . Similarly choose a triangulation for S2 whose 1-skeleton contains 
K2 and build a Heegaard splitting (^1,^2) of S2 by letting V2 be a neighborhood 
of the 1-skeleton. Call the Heegaard surface ¥2- 

Choose a symplectic basis for Fi consisting of curves ai,5i, . . . , Oj, 6j, ^1, .jSfi, 
where the curves ai,...,aj, and are homotopically trivial in Ui. Choose a 
symplectic basis for F2 consisting of curves ^2,-^2,ci,di, . . . ,Ck,dk, where the 
curves ^2 and di, . . . ,dk are homotopically trivial in V2. 

Note that Ui is the union of a tubular neighborhood N{Ki) of the knot Ki and 
a handlebody Hi of genus j spanned by the curves ai, 61, . . . , Aj, bj in the obvious 
way. Similarly V2 is the union of a tubular neighborhood N{K2) of the knot K2 and 
a handlebody H2 of genus k spanned by the curves di,ci, . . . ,dk,Ck in the obvious 
way. On the other hand, U2 is a subset of Mi and Vi is a subset of Al2- From 
this one sees that the restrictions of these Heegaard splittings to Mi and M2 glue 
together to form a Heegaard splitting (Wi, W2) of S, where Wi is the connected 
sum of Hi and Vi and W2 is the connected sum of U2 and H2- Denote by F the 
Heegaard surface of this Heegaard decomposition of S. Note that F can be viewed 
as the connected sum of Fi and the boundary of H2 or as the connected sum of the 
boundary of Hi and F2. 

Now given Xp £ we see that X(V2 — N{K2)) and ^(Vi) are transverse in 
X{F2) at Xp2 since the dimension of H^ {M2; sl2{C) p) is 1. This follows from the 
Mayer- Vietoris sequence for M2 = (V2 — N{K2)) U Vi, using the fact that condition 
(i) of the theorem is satisfied at p. 

It follows that there is an isotopy ht of X{F), t G [0,1], such that ho is 
the identity; ht{(j){ci)) = cj){ci) , ht{(j>{di)) = (f>idi), ht{x4>{^2)) = X4>{-^2), and 
ht{x<j>{-^2)) = X<t>{-^2) for every x<t> and every i; and hi{X{W2)) meets X{Wi) 
transversely in a neighborhood of Xp- In fact, ht can be chosen to have support 
in a neighborhood N of Xp such that N meets X(S) only in Xp and for any in 
N , if p is an eigenvalue of (j){^i), then Aif2(M^) 7^ 0- Then the contribution of Xp 
to A5L2(c)(S) is precisely the number of points in the intersection of X(Wi) and 
hi{X{W2)) in N. 
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Now since ht{<p{ci)) — 0(ci) and ht{<p{di)) — 4>{di) for every i and every (f>, we 
see that ht preserves the subvariety of X{F) consisting of characters X4> foi' which 
[0(ci), 0((ii)][0(c2), 0(^2)] ■ • • [0(cfc), (?!>(dfc)] — I- But these characters are precisely 
the characters for which [0(ai), [0(02), 0(62)] ■ • ■ 0(^i)] = 

/ - i.e. the characters which are the images of characters in X{Fi). It follows 
that ht induces an isotopy ht of X{Fi). Moreover X{Ui) and hi{X{U2)) inter- 
sect transversely in a neighborhood of the image of <i>i(xp) in X{Fi) since X{Wi) 
and ht{X{W2)) are transverse. Thus the contribution of $i(xp) to \sL2{C){^i) 
is precisely the number of points of intersection of X{Ui) and hi{X{U2)) in the 
neighborhood of ^'i(xp) which is the support of h. 

It remains to be shown that the points of intersection of X{Ui) and hi{X {U2)) in 
the neighborhood of <&i(xp) which is the support of h are in one-to-one correspon- 
dence with the points of intersection of X{Wi) and hi{X{W2)) in N . This follows 
since every point in the intersection of X{Wi) and hi{X{W2)) in N satisfies 
4>{di) — 0(^2) = . ■ • (t>{dk) ~ I since ht did not affect the values of at di, ^2, • • ■ , c?fc 
and X4> e ht{X(W2)). and so [(j)[ci) , (j){di)][c^{c2) A{d2)] ■ ■ ■ [c^{ck) A{dk)] = I = 
[(/.(ai), (/.(6i)][(/.(a2), 0(62)] ... [0(a,), (/-(fej)] [0(^1 ), <^(ifi)]. 

Thus, Xp and $i(xp) contribute equally to their respective Casson invariants. 
That points in X2 G X'{ll2) and ^'2(x2) G X* C also contribute equally to 

their respective Casson invariants can be proved analogously. □ 



Remark 3.5. A useful observation is that the two hypotheses in Theorem 13. 4( are 
equivalent to the following conditions: 

(i) If t^^ is a root of the Alexander polynomial of K2, then ylj^-j^ (/;, t^'^) ^ 0, 
where Ak^ denotes the A-polynomial of Ki . 

(ii) If t^^ is a root of the Alexander polynomial of Ki, then AK2{t,t^'^) 7^ 0, 
where denotes the A-polynomial of K2 ■ 

We now describe the operation of fc-spliced sum for two knots ifi, K2 in . Let 
Ml = \ Ki and M2 = \ K2 be their complements, and denote by ^1,^1 
and ^2, ■^1 the meridian and longitude of K\ and K2. The k-spliced sum is the 3- 
manifold = MiU^M2, with dAIi glued to dM2 by a diffeomorphism </> identifying 
^1 to ^2 and ^1 to ^2-^2 ■ The diffeomorphism 0: 9Mi — > 9M2 is represented 

on TTiT by the matrix . It is not difficult to see that is an homology 

sphere with Sq the spliced sum considered previously. Further, if Ki is the unknot, 
then Efe is the homology sphere obtained by 1/k Dehn surgery on K2. We apply 
Theorem 13.41 to determine the SL2{C) Casson invariant of fc-spliced sums. 

Corollary 3.6. Let Ki and K2 be knots in S^. Let k be an integer, and let be 
the k-spliced sum of Ki and K2. Then \sL2{C){^k) = Asl2(C) ('5'i/fc {^2)^ 

Proof. Set S2 = Sy^.{K2) and let K2 be the image of K2 in Yj2- Then the /c-spliced 
sum of Ki and K2 is homeomorphic to the spliced sum of and S2 along Ki and 
K2 since the meridian of K2 is ^2-^2 ■ 

If P2: 7ri(S2) SL2{C) is an irreducible representation, then p2{^2-^2 ) = 
/. We can conjugate so that p2{^2) is either diagonal or a matrix of the form 
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for some a £ C. If p2{-^2) is diagonal, then since p{^2-^2) — 



(±1 a ^ 

lo ±1, 

see that ^2(^2) is also diagonal, which contradicts the irreducibility of p2- 

Hence the eigenvalues of p2{^2) are in {±1}. Since their squares, which equal 1, 
are not roots of the Alexander polynomial for any knot. Theorem 13.41 applies and 
implies \sl2(C){'>^) = >^sl2(C){^2) = >^SL2{C){Sf/k{K2))- □ 

Finally, combining this corollary with Theorem l2.2l yields the following result. 

Corollary 3.7. If Ki is any knot in and K2 is a 2-hridge or a torus knot, then 
the k-spliced sum of Ki and K2 satisfies A5i2(c)(^fe) > for fc 7^ 0. 




Figure 2. The A;- twisted Whitehead doubles of the figure-8 knot 
and the (2, 5) torus knot. 



If Ki is the left-hand trefoil, the fc-spliced sum of Ki and K2 is the homology 
sphere obtained by —1 surgery on the —fc- twisted Whitehead double of K2 (see 
Prop. 6.1, [12]). In particular, we conclude that the homology sphere Sfe obtained 
by — 1 surgery on a fc- twisted Whitehead double of any 2-bridge or torus knot has 
•^5L2(C)(^fe) > provided fc ^ 0. For example, taking K2 — T(j>, q) the (p, q) torus 
knot and denoting by the —fc- twisted Whitehead double of T(p, q), we see that 
for fc > 0, we have 

AsL2(C)(51i(ifc)) = AsL2(C)(S(p,9,pqfc- 1) = 

by combining the above corollary with Theorem 2.3, 1 . A similar result fol- 
lows for fc < 0, and the same idea applies to provide explicit computations of 
'^SL2(c)('S'-i('^fc)) for Lfe the — fc-twisted Whitehead double of a twist knot, see 
Theorems 5.7 and 5.9, [T]. 
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